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Abstract. 
By using the fixed point index theory and Krein-Rutman theorem, the existence of positive solutions for multi-point 
boundary value problems of fractional differential equations is obtained.Our result extends some of the existent 
results. An example is given to illustrate our results. 
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1   Introduction 
Recently, more and more authors pay their attention to fractional differential equations (see [3]-[6] and 
their references). For example, in [4], Li etc. discussed the existence of positive solutions for the three 
point fractional differential equation 
Motivated by their excellent results and the methods used in [9], in this paper, we investigate the 
existence of positive solutions for the m-point fractional differential equation 
  (1.1) 
   (1.2) 
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Our result extends the results of [4]. 
We will assume that the following conditions are satisfied: 
 satisfied Carath_eodory condition, that is, f(.,u) is measurable for each fixed u
R+, and f(t, .) is continuous for a.e. t [0; 1]. For any r > 0, there exists (t) 2 L1[0; 1] such that f(t,u)
(t), where u [0, r]; a.e. t [0; 1]. 
2. Preliminaries 
For the convenience of readers, we introduce some notations and lemmas. 
Definition 2.1[1]. The fractional integral of order  > 0 of a function y : (0, )  R is given by  
     (2,1) 
provided the right-hand side is pointwise defined on (0, ). 
Definition 2.2[1]. The fractional derivative of order > 0 of a function y : (0, ) R is given by  
    (2.2) 
provided the right-hand side is pointwise defined on (0, ), where  
Lemma 2.1[2]. (1) ,for a.e. t  [0,1], where u  L1 [0, 1],  > 0. 
(2) if and only if  for some 
,where  > 0,  
Lemma 2.2[2]. Assume  then 
Lemma 2.3[2]. If ,then  
Lemma 2.4(Krein-Rutman)([7]). Let K be a reproducing cone in a real Banach space X and let L:X
X be a compact linear operator with .r(L) is the spectral radius of L. If r(L) > 0, then there 
exists  such that L = r(L) .
Lemma 2.5([8]). Let X be a Banach space, P be a cone in X and (P) be a bounded open subset in P.
Suppose that A :  is a completely continuous operator. Then the following results hold: 
(1) If there exists u0 such that ,then the fixed point 
index . 
(2) If  and , 1 then the fixed point index . 
Take X = C [0, 1] with norm ,  with norm 
,Obviously, K is a reproducing 
cone of X. Set . 
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u  X is said to be a positive solution of (1.1), (1.2) if u   satisfies (1.1), (1.2). 
Lemma 2.6. For h 2 Y , the problem: 
has a unique solution ,where 
Proof. By Lemma 2.1,we get 
It follows from u(0) = 0 that c2 = 0: By Lemma 2.2 and Lemma 2.3, we have 
Considering the boundary conditions, we have 
Thus,
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The proof is completed. 
Define an operator A : K  K and a linear operatorT : X  X as follows: 
Then the fixed point u   of A is the positive solutions of (1.1),(1.2). 
3   Main results 
In order to obtain our main results, we firstly present and prove some lemmas. 
Lemma 3.1. A : K  K and T : X  X are completely continuous. 
Proof. We firstly show that A : K  K is completely continuous. 
Obviously, G(t; s)  0: By (H2) and Lebesgue Dominated Convergence theorem, we get that A :K 
 K is continuous. 
Take  K is bounded. By (H2), there exists a constant M > 0 such that f(t, u) < M; a.e.t [0, 1]; 
u  . 
So, A( ) is bounded. 
For ,we have  
By the uniform continuity of on [0,1], we get that A( ) is equicontinuous. It follows 
from Ascoli-Arzela theorem that A : K  K is completely continuous. 
By the same method, we can get that T : X X is completely continuous, also. 
Lemma 3.2. r(T) > 0 (the spectral radius of T). 
Proof. Take ,then  
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Obviously, T : K  K. So, we have 
Repeating the process gives: So, we get Hence, 
The proof is completed.By Lemma 2.4, we get that there exists such that 
.
Define 
where E  [0; 1] with m(E) = 0 (m(E) is the Lebesgue measure of E and the same as follows). Set 
Lemma 3.3. Suppose .Then there exists such that for  ,if 
, ,then . 
Proof. It follows from  < f0 that there exists  > 0 and > 0 such that for a.e. t  [0, 1], 
                  (3.1) 
For  assume .By Lemma 2.5, we need only to prove that 
Where  such that . 
Otherwise, there exists  such that 
                 (3.2) 
Then,  By (3.1), we get that 
   (3.3) 
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Considering  , we get 
This, together with (3.2), means that . 
By (3.3), we get So Repeating this process, we get that 
,So we have  
This is a contradiction. 
It follows from Lemma 2.5 that The proof is completed. 
Lemma 3.4. Suppose , then there exists r0 > 0 such that ,for each r > 
r0.
Proof. Let , Then there exists r1 > 0 such that 
Thus, for all  
            (3.4) 
Since 1  is the spectrum radius of T, exists. Let 
Take r > r0. We will show  
Otherwise, there exist such that .This, together with (3.4), 
implies  
Then . So, we get . 
It follows from and 
,Therefore , we have  
This is a contradiction. 
By Lemma 2.5(2), we get that i(A,Kr,K) = 1, for each r > r0. The proof is completed. 
Theorem 3.1. Suppose that  and then (1.1)-(1.2) has at least 
one positive solution. 
Proof. It follows from and Lemma 3.4 that there exists r > 0 such that i(A,Kr,K) = 1. By 
 and Lemma 3.3, we get that there exists such that either there exists 
 with In the second case, A has a fixed point  
with by the properties of index. The proof is completed. 
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4   Example 
Let’s consider the following boundary value problem 
         (4.1) 
          (4.2) 
where 
Corresponding to the problem (1.1)-(1.2), we have that 
 Obviously, (H1) and (H2) are satisfied. By 
simple calculation, we get . 
By Theorem 3.1, we get that problem (4.1)-(4.2) has at least one solution. This problem can not be 
solved by the theorems in [4]. 
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